We investigate properties of two-dimensional bilayered dipolar Bose condensed gases in a weak random potential with Gaussian correlation at zero temperature. Here the dipoles are oriented perpendicularly to the layers and in parallel/antiparallel configurations. We calculate analytically and numerically the condensate depletion, the one-body density-matrix, and the superfluid fraction in the framework of the Bogoliubov theory. Our analysis not only provides fascinating new results do not exist in the literature but also shows that the intriguing interplay between the disorder, the interlayer coupling and the polarization orientation may lead to localize/delocalize the condensed particles results in the formation of glassy/superfluid phases. For a pure short-range interaction and a vanishing correlation length and a small interlayer distance, we reproduce the seminal results of Huang and Meng. While for a vanishing interlayer distance, our results reduce to the those obtained for single layer systems.
I. INTRODUCTION
Ultracold gases with dipole-dipole interaction (DDI) have attracted immense interest due to the long-range character and the anisotropy in contrast to the shortranged isotropic contact interaction [1] [2] [3] [4] . In this respect, ultracold dipolar Bose gases have provided a tool for investigating complex many-body quantum effects. Among them one can quote, bifurcations, order, and chaos which have been analyzed using variational and numerical techniques [5] [6] [7] [8] . Indeed, there are many nature inspired algorithms for solving the above complex nonlinear phenomena such as: ant colony optimization algorithm [9] , fault diagnosis method [10] , collaborative optimization algorithm [11] , and novel fault damage degree identification method based on high-order differential mathematical morphology gradient spectrum entropy [12] .
The Bose-Einstein condensation (BEC) in a weak random external potential is ubiquitous in a large variety of systems. Recently, the interplay between interactions (contact and dipolar) and external disorder potentials in many-body systems has attracted a good deal of interest both theoretically and experimentally . It has been found that for a weak disorder, the density profile of the condensate follows the modulations of a smoothed random potential while for very strong disorder the condensate decays into fragments in the disorder landscape. In the case of BEC with DDI, the superfluid density acquires a characteristic direction dependence, i.e. the number of particles per volume participating in a superfluid motion varies with the chosen direction [37] [38] [39] [40] [41] . The interplay between the disorder and the rotonization in a quasi-two-dimensional (2D) dipolar BEC * a.boudjemaa@univ-chlef.dz has been discussed by one of us [42, 43] . Most recently, we have shown that the three-body interactions and the Lee-Huang-Yang quantum corrections play a crucial role in reducing the impacts of the disorder potential in BEC [44, 45] .
Over the past decade, ultracold dipolar gases in layered structures have attracted considerable attention [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] . Unlike single layers, these bilayered configurations in quasi-2D geometry exhibit many interesting phenomena namely: the formation of conventional and unconventional superfluids of polar molecules [46, [48] [49] [50] [51] [52] [53] [58] [59] [60] , soliton molecules [54] and the enhacement of the roton instability [47, 56] due to the interlayer effects. The Fermi-polaron problem has been also discussed in such a bilayer system [57] . However, the contemporary problem of disordered ultracold dipolar bosons in bilayer systems has never been analyzed in the literature. Due to the availability of creating this bilayered configuration experimentally by means of a 1D subwavelength lattice, it is then instructive to study disordered BEC with DDI in bilayer arrangements. Such systems enable us to unveil the intriguing role of disorder, the interlayer effects and the dipolar interactions.
In this article, we investigate the problem of a disordered quasi-2D bilayered dipolar BEC with dipoles are oriented perpendicularly to the layers and in same (i.e parallel, denoted ↑↑) /opposite (i.e antiparallel, denoted ↓↑), directions in different layers (see Fig.1 ). To this end, we use the Bogoliubov-Huang-Meng theory [21] . Many studies have confirmed recently the effectiveness of this method in treating dirty dipolar Bose gases [39] [40] [41] [42] [43] [44] . We quantitatively examine the effects of varying polarization direction and interlayer DDI on the collective excitations, glassy fraction, one-body density matrix and the superfluid fraction. Importantly, we find that in the parallel configuration, the interlayer DDI causes delocalization of particles enabling the transition to the superfluid phase. Surprisingly, in the antiparallel arrangement, the bosons strongly fill the potential wells formed by disorder fluctuations depressing both the condensate and the superfluidity due to the intriguing interplay of the disorder and the interlayer DDI. It is shown also that beyond a certain temperature depending on the polarization direction, the superfluid fraction vanishes.
The rest of the paper is organized as follows. In Sec.II we introduce the Huang-Meng-Bogoliubov approach for a disordered bilayered dipolar Bose gas. The glassy fraction and the total quantum depletion are deeply analyzed. Section III deals with the coherence of the system where we calculate numerically the one-body density matrix. We show that this quantity tends to a constant at large distance and it is almost insensitive to the interlayer distance. In Sec.IV, we shall analyze the role of DDI, interlayer coupling, polarization orientation and temperature on the superfluid fraction. Our conclusions are drawn in Sec.V.
II. MODEL
We consider a dilute Bose-condensed gas of dipolar bosons subjected to an external random potential loaded in a quasi-2D bilayer setup. Assuming vanishing hopping between layers and dipole moments d are aligned perpendicularly to the plane of motion (cf. Fig1). Our starting point is the secondly quantized Hamiltonian:
where j = ±1 is the layer index, S is the surface area, E k =h 2 k 2 /2m is the energy of free particle,â † k ,â k are the creation and annihilation operators of particles, and U is the disorder potential which is described by vanishing ensemble averages U (r) = 0 and a finite correlation of the form U (r)U (r ′ ) = R(r, r ′ ). In quasi-2D geometry, at large interparticle separations r the intralayer interaction reads V jj (r) = d 2 /r 3 =h 2 r * /mr 3 [62] , where r * = md 2 /h 2 is the characteristic dipole-dipole distance, d is the dipole moments, and m is the particle mass. In momentum space it can be written as [62] 
where g = g 3D / √ 2l 0 is the 2D short-range coupling constant, l 0 = h/mω, and ω is the confinement frequency, and C = 2πh 2 r * /mg. The interlayer interaction potential (j = j ′ ) is given by [48, 49, [56] [57] [58] [59] 
The potential V jj ′ (r) is attractive at large/short distances r depending on the dipoles orientation leading to the formation of an interlayer bound state. The corresponding Fourier transform is given by V ↑↑,↓↑ (k) = drV ↑↑,↓↑ (r)e −ikr . After some algebra, we obtain for the two configurations:
For kλ ≪ 1, V (k) = (2πh 2 /m) r * k. This linear dependence on k originates from the so-called anomalous contribution to scattering [58, 59] . Now, we address the regime of weak interactions i.e. mg/2πh 2 ≪ 1 and r * ≪ ξ, with ξ =h/ √ mng being the healing length, and sufficiently weak external disorder potential. The Hamiltonian (1) can be diagonalized using the Bogoliubov-Huang-Meng transformation [21] :
For kλ ≫ 1, the interlayer DDI vanishes and thus, the spectrum (5) reproduces analytically the roton-maxon structure seen in the 2D ordinary dipolar BEC (i.e. single layer) [62] . For kλ ≪ 1, one has ε k ↑↑ = E 2 k + 2ngE k (1 − 2Ck) which is similar to the single layer spectrum, while ε k ↓↑ = E 2 k + 2ngE k is equivalent to the spectrum of a nondipolar BEC. One can conclude that for a bilayer system of dipoles with the antiparallel polarization of dipolar moments in two layers, the interlayer effects is important only for large enough interlayer sound velocity, it does not depend neither on the interlayer DDI nor on the intralayer DDI regardless the value of λ and the polarization directions (see Fig.2 ). At higher momenta, it becomes quadratic as in the nondipolar case (see Fig.2 ) for any interlayer distance. The dispersion relation changes it behavior and exhibits roton-maxon structure at intermediate k as is shown in Figs.2.(a) and (b). The position and the energy of the roton strongly depend on the effect of varying polarization orientation and interlayer DDI. For instance, the roton can be formed in the dispersion spectrum for very small λ in the configuration ↑↑, while in the arrangement ↓↑, the roton can be observed only for large λ. The roton instability can be identified by dε k /dk| k=kr = 0. The roton minimum touches zero at k r = 0 leading to roton instability. Another feature of the spectrum (5) is that it is independent of the random potential. At zero temperature, the noncondensed density is defined asñ =ñ 0 + n R , wherẽ
accounts for the quantum fluctuations contribution to the noncondensed density. And
represents the disorder fluctuations to the noncondensed density glassy fraction analog to the Edwards-Anderson order parameter of a spin glass [63] . It arises from the accumulation of density near the potential minima and density depletion around the maxima.
To understand the interplay of interlayer DDI and disorder effects, let us from now on suppose a correlated Gaussian disorder potential which is characterized by two parameters namely : the disorder strength R 0 which has dimension (energy) 2 × (length) 2 and the correlation length σ, it can be written as
The calculation of integrals (6) and (7) over infinite momentum space is logarithmically divergent and requires a special care. One possibility to solve them is to work with an arbitrary Λ-cutoff [64] . However, it turns out that the resulting corrections to the noncondensed density are cutoff-dependent due to the special character of the DDI. Another way to treat the above integrals, is the use of a high-momentum cutoff which is physically acceptable to obtain qualitatively correct results in the ultracold regime k ≪ 1/r * [42, 62] . To be quantitative, we solve integrals (6) and (7) numerically using the standard Monte Carlo method [42] in the limit k ≪ 1/r * . Figure.3 shows that in the setup ↑↑, the glassy fraction n R is decreasing with λ indicating that the interlayer effects lead to tune the disorder fluctuations ensuring the existence of the condensate even for relatively large disorder strength. Conversely, in the arrangement ↓↑, when the two layers are well separated (λ/ξ > ∼ 0.7), n R substantially increases results in the disappearance of the condensate. The disorder fraction becomes important when the roton minimum is close to zero (diverges at k r = 0) yielding the transition to a novel quantum phase [62] (see right panels). For σ > ξ, the disorder effects is not important in both configurations regardless the polarization directions.
We observe also that in the absence of the random 
III. COHERENCE
At zero temperature, the one-body density matrix is defined as [44] g 1 (r) = n c + ñ e ik.r dk/(2π) 2 , where n c is the condensed density. The numerical simulation of this integral reveals that when C/ξ is small, the first order correlation functions g ↑↑ 1 (r) and g ↓↑ 1 (r) decay at large distance and go to their constant value n (see Fig.4 left panels). This is a genuine signature of the existence of a true BEC at zero temperature in quasi-2D geometry. In such a case the interlayer distance and the polarization direction play a minor role; they only slightly shift g ↑↑ 1 (r) and g ↓↑ 1 (r) near the center. For large C/ξ (i.e. when the roton minimum close to zero) and depending on the interlayer space, g ↑↑ 1 (r) and g ↓↑ 1 (r) display oscillations at small distances (see right panels). This signals the destruction of the off-diagonal long-range order (i.e., BEC). One can conclcude that below a certain critical intralayer coupling λ c which relies on the polarization direction, the BEC remains stable. For λ > λ c , the system undergoes instability opening the door to a new phase transition. 
IV. SUPERFLUIDITY
Quasi-2D superfluidity can be well understood in the framework of the Berezinskii-Kosterlitz-Thouless theory [65] [66] [67] [68] . The relation between the disorder potential, DDI and the superfluidity in quasi-2D geometry has been explained in details in our recent papers [42, 43, 62] . The superfluid fraction n s /n is defined as n s /n = 1 − n n /n − n th R /n [42] , where
is the normal fraction of the superfluid. And
represents the disorder thermal contribution to the superfluid fraction. At temperatures T → 0, it reduces to n R th /n = 4n R /dn. In quasi-2D one has n R th = 2n R which leads to considerably lower the superfluid fraction. Another important remark is that the superfluid fraction is no longer a tensorial quantity in opposite to the 3D dirty dipolar Bose gas case [38] [39] [40] [41] [42] [43] [44] [45] since the dipoles are assumed to be perpendicular to the plane. However, in the case of dipolar BECs with tilted dipoles, the superfluid becomes anisotropic. Figure.5 shows that n R th is increasing with temperature in both configurations. We see also that n ↑↑ R th lowers with λ at any temperatures. For instance, at temperatures T /ng < 0.1, n ↑↑ R th ≈ n at λ ≥ ξ which means that the whole system becomes practically superfluid. Whereas, in the configuration ↓↑, n ↓↑ R th augments with both temperature and interlayer spacing. For example, at T /ng > 3 and for λ > 1.2 ξ, the superfluid fraction vanishes. This implies that the condensed particles are localized prohibiting the superfluid flow results in the formation of the so-called Bose glass phase.
V. CONCLUSIONS
In this paper we studied the implications of varying polarization orientation and interlayer DDI on the propertites of quasi-2D bilayered dipolar Bose gases in a random environment at zero temperature. We calculated analytically and numerically the dispersion relation, the condensate depletion, the first-order correlation function and the superfluidity using the Bogoliubov theory. Our analysis revealed that the competition between the disorder potential and the interlayer DDI may significantly enhance the rotonization and the glassy fraction inside the condensate. In the parallel configuration, interlayer coupling may lead to delocalize atoms rising both the condensed and the superfluid fractions. However, the situation is completely different in the antiparallel arrangement where the condensate and the superfluid fraction are decreased. This important result has never been addressed before in the literature. We showed in addition that in the roton regime, the long-range order is distroyed and hence, the condensate and the superfluidity disappear in both configurations. Whereas, for small values of DDI, the coherence of the BEC remains insensitive to interlayer distance. It was found also that a true BEC exists up to certain critical temperature which depends on the interlayer distance and the polarization direction. We believe that our results provide new insights to understand these exotic systems, and opening new prospects for realizing dirty dipolar Bose gases.
